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Abstract 
A tree decomposition of a graph G is a family of subtrees whose sets of edges partition the set 
of edges of G. The minimum number of trees in a tree decomposition is the tree number of G. We 
show that regular graphs with maximum edge connectivity have the minimum possible tree 
number, whereas graphs with odd degree may have tree number arbitrarily close to its 
upperbound. 
1. Introduction 
We consider undirected graphs without loops but we allow multiple edges. Let G be 
a graph with vertex set V(G) and edge set E(G). An edge decomposition of G is a family 
of subgraphs whose sets of edges partition E(G). We write G = G, + ..’ + Gk if 
{G,, . . . , Gk) is an edge decomposition of G. When each subgraph Gi is acyclic, the 
decomposition is said to be aforest decomposition. The arboricity of G is the minimum 
number of forests in a forest decomposition of G, and it is denoted by a(G). When each 
subgraph is a tree, we have a tree decomposition. The minimum number of trees in 
a tree decomposition of G is the tree number of G and it is denoted by T(G). Since each 
forest on n vertices has at most n - 1 edges, \E(G)\/( IV1 - 1) is a trivial lower bound 
for both. the arboricity and the tree number of G. For every proper subset X of 
vertices, the local edge density of X in G is p(X) = IE(G[X])I/(IXI - 1) if 1x1 > 1, 
where G [X] is the subgraph of G induced by X, and p(X) = 0 when IX I = 1. There is 
a well known formula for the arboricity of graph given by Nash-Williams in [4], 
namely 
a(G) = max{r P(X) 1, X = v(G)}. (1) 
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Such a nice general formula for the tree number of a graph is not available although 
some results are known. The tree number of maximal planar graphs was shown to be 
at most 3 by Kampen in [3]. This result was also proved in the context of partially 
ordered sets by Schnyder in [6]. Ringel proved in [S] that maximal bipartite planar 
graphs have tree number 2. The arboricity is clearly a lower bound for the tree 
number. Chung obtained in [l] the nontrivial upper bound 
z(G) 6 r t I v/(G)1  
for connected graphs with no multiple edges. In particular, this inequality gives 
the tree number for complete graphs, r f ( V(G)1 1= a(G) < z(K,) < r $1 V(G)1 1. 
Truszczynsky considered upper bounds in relation to the girth g of the graph in [7] 
obtaining 
I I T(G) 6 ___ Iv(G)1 + l  
for g > 5. In the same paper he also shows that the tree number of complete bipartite 
graphs K,, m and hypercubes Q,, equal their arboricities. 
The Nash-Williams equation for the arboricity of a graph suggests that an even 
distribution of edges provides lower values for the arboricity; hence, it would allow 
lower values of the tree number too. This fact directed us to the study of the tree 
number in regular graphs. Given a subset X of vertices we denote by dX the set of 
edges of G with exactly one end in X (we omit the subindex in the usual notation 8,X 
for this set). The edge connectivity of G is A(G) = min{ lax], X c I/, 0 < 1x1 < 1 VI}. 
Intuitively it is clear that the edge connectivity may play a significant role in the value 
of the tree number. This intuition was supported by the following result. 
Theorem. Let G be a regular graph of even degree d and /i(G) = d. Then, 
z(G) = a(G) = d/2. 
Therefore, as in the case of maximal planar graphs or maximal bipartite planar graphs, 
the tree number of maximally edge connected regular graphs of even degree is indepen- 
dent of the size of the graph and equals the lower bound given by the arboricity. However, 
regular graphs of odd degree can behave in a very different way. More precisely, 
Theorem. For d odd, there exist injinite families ofregular graphs G, of degree d and 
edge-connectivity ;1(G,) = d with z(G,) asymptotically the upper bound. 
A similar result can be stated for regular graphs of even degree when the edge 
connectivity is less than the degree. We also show that a regular graph of degree d and 
edge-connectivity /1(G) d d/2 has tree number at least a(G) + 1 (Theorem 11). In 
particular, a 4-regular graph G has z(G) = a(G) if and only if it has maximum edge 
connectivity. 
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2. Graphs with small tree number 
In this section we consider conditions which ensure that the tree number of 
a regular graph equals its arboricity. In the next section we show that the behavior of 
the tree number is less predictable when those conditions are not fulfilled. 
Theorem 1. Let G be a regular graph of etlen degree 2k with more than k t1ertic.c.s and 
2.(G) = 2k. Then, t(G) = a(G) = k + 1. 
Proof. Since [p(V)1 = k + 1, the tree number of G is at least k + 1. For every proper 
subset X of vertices, we have 1 dX 1 3 2k and then. 
P(X) = 2f,x; _ 1) (2klXl - 1~x1) 6 k. 
Let EO be any set of k edges of G and let G’ be the graph obtained from G by 
deleting the edges in E ,-, Since I EO 1 < 3,(G), G’ is still connected. Moreover, pc ,( V) = k 
and pc,(X) d pc(X) d k for every X c I/. By the Nash-Williams formula, a(G’) = k, 
and each forest of a minimal decomposition of G’ into forests must have ( c’/ - 1 
edges, hence it is a tree. Since the choice of EO was arbitrary, we can take in EC) the 
edges of any tree in G to obtain a decomposition of the graph into k + 1 trees. 0 
The above theorem can be used to obtain easy proofs of the following results 
Proposition 2. The complete bipartite graph K,., has tree number r(K,.,) = 
r t(n + 1) 1 = a(%,). 
Proof. The result follows from Theorem 1 when n is even. For n > 1 odd, let 
i-x, . ,x,, _ , } and { yl, . . . , yn) be the monochromatic sets of a proper coloring of 
K,.,. Let (T;, . . . ,T;+, } be a decomposition of the graph K,_ l,n_ 1 induced by 
V(K,. .\ {.Y~, yn )) into edge disjoint trees, such that T; , . , T; are spanning trees and 
T ktl is the star with edges {(x,_ 1, xi), i = 1, . , k} (such a decomposition exists by 
the above theorem). For each i = 1, , k, let Ti be the tree spanned by the edges ol 
T! and the edges {Xi,ynj, {?c,,yi}. Then, the graph T,,, spanned by the remaining 
edges is easily seen to be a tree and T,, . . . , Tk+ 1 is a decomposition of K,,,, into 
k + 1 = n + f trees. 0 
Lemma 3. Let G, G’ be 2k-regular graph with maximum edge connecticity, and H the 
graph obtained by joining G and G’ by a perfect matching. Then, z(H) = z(G). 
Proof. By Theorem 1, G admits a decomposition into k spanning trees T,, , Tk 
and a tree Tk + 1 with k + 1 vertices. Let T; , . , T; + 1 be a similar decomposition of 
G’ into trees. Label x1, . . , x, the vertices of G and xi. “’ x’ the vertices of G’ such >- n 
that the edges of the matching are ei = (xi ,xi}, i = 1, ,n. Assume that 
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u = {x i, . . . ,~~+i)(resp. U’={xf,, . . . ,xh+,} are the vertices of Tk+ 1 (resp. T;, I). If 
i3,( U)n U’ # 0, assume that x; is in this intersection. Let TI be the tree spanned by the 
edgesofTiand Tfandeifori= 1, . . . , k - 1. Let Tz be the tree spanned by the edges of 
Tk and T; + 1 together with ek if d,(U) n U’ # 8 or the edges ek, ei, otherwise. Finally, let 
Tz+ 1 be the graph spanned by the remaining edges. It can be easily checked that this last 
graph is a tree and that the complete set is a decomposition of H into k + 1 trees. 0 
The above lemma proves, for instance, that the tree number of a generalized 
Petersen graph equals its arboricity. Also, if G is a 2k-regular graph with maximum 
edge connectivity, then r(G x K,) = r(G). Note that, in this case, the above proof 
supplies a minimal decomposition in which there are k spanning trees. Those are 
examples of regular graphs of odd degree whose tree number equals the arboricity. 
Vertex transitivity is a property which ensures that the edge-connectivity equals the 
degree, see [Z]. Recall that for a finite group G and a generating set S of G, the Cayley 
graph Cay(G,S) has the elements of the group as vertices and {x,y} is an edge 
whenever xy-’ E SuS i. Cayley graphs are vertex transitive. When S\ {x} is no 
longer a generating set of G for every x E S, the Cayley graph is said to be minimal. 
Proposition 4. The tree number of a minimal abelian Cayley graph equals its arboricity. 
Proof. Let X = Cay(G, S). The statement follows from Theorem 1 when ISuS -i I is 
even. Since each generator in S gives rise to two edges at each vertex unless it is self 
inverse, if the degree of X is odd then there exists some x E S such that x = - x. Since 
G is abelian, the subgroup H generated by S\{ x } is normal in G. This together with the 
fact that x is self inverse implies that X N Y x Kz, where Y = Cay(H,S\ {x>) is 
a regular graph of even degree and maximum edge connectivity. The result follows 
then from Lemma 3. 0 
The n-cube Q,, is an example of a minimal abelian Cayley graph which therefore has 
tree number r(Q,J = r n/2 1. 
3. Nonminimal decompositions 
In this section, we will give families of graphs which have tree number larger than 
the arboricity. In general, the constructions described below provide examples of 
families of graphs in which the tree number is a linear function of the number of 
vertices of the graph, therefore asymptotically equivalent to the upper bound for this 
parameter. The following lemma gives the key result for the constructions. 
Lemma 5. For any partition P = {VI, . . . , V,} of V(G), 
z(G) 3 ~(W’,I) + ... + ~(GP’mI) - I64 
where EP = al/, LJ ... udV,. 
G. Ringel et al. f Discrete Mathematics 165!166 (1997) 587-595 591 
Proof. Let T = {T,, . . . , Tk} be a decomposition of G into trees. If I’( Ti)n l/j is 
nonempty, each connected component of Tin G [Vi] consists of either a tree or an 
isolated vertex. Moreover, the set of connected components obtained in this way for 
each i excluding isolated vertices is a decomposition into trees of G [Vi]. Construct the 
edge-labeled m-partite graph G’ with sets Vi, . . . , VA in the following way. There is 
a vertex in Vc for each connected component in Tin G[ Vj] (including isolated 
vertices). There is an edge labeled i joining vertices x and 4’ in G’ if the associated 
connected components correspond to the same tree Ti and there is an edge in 
Epn E(T;) which joins them in G (see Fig. 1). By construction, we have 
1 V'!i > z(G[vi]), 1 < i <m. 
Each subgraph TI of G’ induced by the edges with label i is a tree, and 
5’ = {T; , . . , T;.} is a decomposition of G’ into k’ < k trees. Let pi be the number of 
vertices of Tc. We clearly have 
pi+ ... +pk’=(V;I+ ... + IV61 3 r(G[V,]) -I- ... + r(G[I’,]), 
and, since E(G’) d E,(G), 
(~1 - 1) + ... + (Pk’ - 1) = IEp(G)) 3 ClL'/l - k’ >, C T(G[Vi]) - k, 
as claimed. 0 
For our present purposes, we call a d-pole the object resulting from the deletion of 
one vertex of degree d from a graph but keeping the edges which were incident to it 
(which now become half edges). We define the edge-connectivity of a d-pole H as the 
edge-connectivity of the original graph, and its tree number as the tree number of the 
graph obtained by removing the half edges of the d-pole. Let G be a d-regular graph 
and let H be a d-pole. We denote by G[H] the d-regular graph resulting from the 
substitution of each vertex of G by a copy of H, the half edges of it being matched with 
the edges incident to the original vertex. Fig. 2 shows a 3-pole H obtained from 
K4 and K,[H]. 
Lemma 6. The edge-connectivity of G[H] satisjies A(G[H]) = min { A(G), i(H)). 
Fig. 1. Construction of G’. 
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Fig. 2. A 3-pole H and K,[H]. 
Proof. Let X be a proper subset of vertices of G[H]. If there is a copy Hi of H such 
that 0 < IXn v(Hi)) < 1 if(H then (8x1 2 IaH(Xn V(Hi))I > 1(H). Otherwise, 
X exactly covers a union of copies of H and laX[ 3 8,(0X) > /Z(G), where 
0 : G [H] ---f G is the canonical homomorphism onto G which identifies the vertices in 
each copy of H. 0 
We next show that the condition of maximal edge connectivity in Theorem 1 
cannot be omitted. 
Lemma 7. Zf the degrees of all vertices of a graph G are even, then A(G) is even. 
Proof. Let F c V(G). If jaF( is odd, then there must be an odd number of vertices in 
F such that Ia(x)n~Y(F)j is odd. But then, the subgraph of G induced by F would have 
an odd number of vertices of odd degree. 0 
From the above lemma if a (2k)-regular graph G does not have maximal edge- 
connectivity, then j_(G) d 2(k - 1). We next describe an infinite family G, of (2k)- 
regular graphs with edge-connectivity 1(G) = 2(k - 1) for which z(G,) > n/(k + 1). 
Let H be the 2(k - 1)-pole obtained from the complete graph K,,+ 1 by converting 
(k - 1) of its edges into half edges. Let Cm,k_l be the graph obtained from the cycle 
C, by connecting every pair of adjacent vertices with k - 1 parallel edges. Finally, let 
Grn+i = Cm+r [H]. For example, Fig. 3 shows the graph G3,2 thus obtained. By 
construction, Gm,k _ 1 is (2k)-regular graph with IZ = m(2k + 1) vertices. By Lemma 6, 
G,,_ 1 has edge-connectivity 2(k - 1). 
Proposition 8. Gm,k_l has tree number T(G,,~_~) 3 r n/(k + 1) 1. 
Proof. Let P = { V(H,), . . . , V(H,)} be the partition of V(G,) into the vertices of 
each COPY of H. Since (E(Hi)J = kJV(Hi)( - (k - I), we have z(G,[Hi]) 2 
a(G,[Hi]) 3 k + 1. By Lemma 5, 
z(G,) > mz(G,[Hi]) - lEPj > m(k + 1) - m(k - 1) = 2m > 
as claimed. 0 
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The graph shown in Fig. 3 has arboricity 4 and tree number at least 6. while 
F‘ig. 4 shows an example in which A(G) < d but still z(G) is minimum. 
In the case of odd degree, maximum edge connectivity is not enough to ensure that 
the tree number of a regular graph equals the arboricity. Actually we next construct an 
infinite family of graphs whose tree number is a linear function of the number of 
vertices. 
For d an odd integer, let HI be the d-pole obtained from the complete graph 
K di 1 by removing one vertex. Let us construct recursively the d-poles defined as 
FI,. = H,_., [HI], r > 1. Fig. 5 shows the first ones obtained from K,. 
Fig. 3. A 6-regular graph with connectivity 4 and tree number 6. 
Fig. 4. A 6-regular graph with connectivity 4 and tree number 4. 
Fig. 5. The first H,. 
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Lemma 9. H, has tree number z(H,) > I V(H,)) /2d. 
Proof. Set d = 2k - 1. We have r(H,) = z(&) = k. Each H, has d’ vertices 
and $ (d’+ 1 - d) edges. By partitioning H, by the copies of Hi and using Lemma 5, 
we get, 
r(H,) 2 kd’-’ -+d(d’-’ - 1) =t(d’-’ + l), 
which gives the claimed lower bound. 0 
The (2k - 1)-poles of the above lemma can be used to construct regular graphs 
of odd degree with maximum edge-connectivity and arbitrarily large tree number 
in the following way. If G is any (2k - 1) regular graph with A(G) = 2k - 1, then 
r(G[Hr]) > nr(H,) - (n/2)(n - l), where n is the number of vertices of G. In particu- 
lar, we have 
Theorem 10. Let d = 2k - 1. There exists an injinite family {G,) of d-regular graphs 
with 1(G,) = d and z(G,) 2 1 V(G,)(/2d. 
Proof. Take G, = &[H,]. 0 
Our interest in the tree number of regular graphs was partly motivated by the 
search of a characterization of regular graphs whose tree number attains its lower 
bound, namely, the arboricity. The next result shows that a necessary condition is that 
the edge-connectivity must be large enough. 
Theorem 11. Let G be a d-regular graph and k = LidJ. Zf A(G) < k then 
z(G) > k + 1 = a(G). 
Proof. Let F be a subset of vertices with 1 aF[ = 1. Since p(F) = [l/2( 1 F( - l)] 
(d/F1 - 2) > k + 1, then z(G[F]) > a(G[F]) B (k + 1). Similarly, z(G[F]) > 
a(G[FI) > (k + l), where P = V(G)\ F. Therefore, by Lemma 5, 
r(G) > z(G[F]) + z(G[F]) - A 3 k + 2. 0 
In particular, we can obtain the desired characterization for 4-regular graphs. 
Corollary 12. Zfd = 4, then z(G) = a(G) ifand only ifA = 4. 
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